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\l)^ lla l:^  In th is  co in ir iu m c a U o n . w c  generate the textu res o f  the nearly  degenerate as w e ll as the in ve rte d  h ie ra ie h ie a l m odels o f  the le ft-handed
iie i i t i i i io  mass m a tiic e s  w ith in  the Ira n ie w o ik  o l the see saw in e cha n is in  in  a m ode l independen t w a y The Ic p lo n ic  m ix in g s  are generated 
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n c i ii i in o  mass m a tr ices  are im p o rta n t to  e x p la in  the re ce n tly  re p o ite d  resu lt on the doub le  beta decay (Ov'/3/3) e xp e rim e n t, lo g c the i w ith  the 
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1 Introduction
111' i^L c n ily  ic p o r lc d  c x p c n m c n la l  re s u lt on  d o u b le  b e ta  d e c a y  
1 sh ow s d ie  p o s s ib le  e v id e n c e  fo r  th e  n o n -z e ro  M a jo r a n a
III.I' " I die e le c t io n  n e u tr in o  in  tfie  ra n g e  o f / / /  =  ( 0 . 0 5 - 0 . 8 6 )  
\  C .L  w ith  the  best v a lu e  o f///^ ^  =  1.4  c V l  1 1. T h e re  arc  
iiiiin i in p o r la n l im p lic a t io n s  o f  th is  re s u lt. F irs t ly ,  it  ru le s  o u t 
ill 'iiudels p re d ic t in g  th e  D ir a c  n e u tr in o  m asses , le a v in g  o n ly  
lo i d ie  M a jo r a n a  ty p e  o f  n e u tr in o s . It  a lso  a l lo w s  the  
'"’ll n u m b e r v io la t in g  p ro c e s s e s  su ch  as le p lo g e n c s is  in  a 
iiiiinai w a y . S e c o n d ly , th is  re s u lt  to g e th e r  w ith  th e  e a r l ie r  
M’u  inicntal d a ta  o n  the a tm o s p h e ric  [2 ] an d  the so la r [3 )  n eu trin o  
" i l l a i i o n s ,  a l lo w s  o n ly  th e  d e g e n e ra te  a n d  th e  in v e r te d  
I 'l^ i.in h ic a l s o lu t io n s  fo r  th e  th re e  g e n e r a t io n  le f t -h a n d e d  
^f'h 'i.ina n e u trin o s  [ 1,4 | .
In ilie a b o v e  c o n te x t ,  it  is im p o r ta n t  to  c o n s tru c t th e o re t ic a l 
w h ic h  c a n  p r e d ic t  th e  d e g e n e r a le  a n d  in v e r t e d  
''‘^ ■'nuhical p a tte rn s  o f  th e  M a jo r a n a  n e u tr in o  m ass m a tr ic e s  
''iilnii the f ra m e w o rk  o f  th e  g ra n d  u n if ie d  th e o rie s  (G U T s )  w ith  
^'iiluiut s u p e rs y m m e try  [4 ,  5 ] .  In  th is  c o m m u n ic a t io n , w c  
to g e n e ra te  th e  d e g e n e ra te  as w e l l  as th e  in v e r te d  
I IIL in e a l p a tte rn  o f  th e  le f t -h a n d e d  M a jo r a n a  n e u tr in o  m ass  
'" 111 lees us ing  th e  s e e -s a w  fo r m u la  in  a m o d e l in d e p e n d e n t w a y .
 ^" '"  ^ponding Author
T h is  IS, in  f a d ,  a c o n tin u a tio n  o f  o u r  e a r l ie r  w o rk  [6 ] w h e re  the  
n e u tr in o  m ix in g s  arc p ro v id e d  fro m  the te x tu re  t ) f  the r ig h t-  
h a n d ed  M a jo r a n a  m ass m a tr ix  w h ile  k e e p in g  the D ira c  
n e u trin o  m ass m a tr ix  in the d ia g o n a l fo rm  W e  had tak en  the  
D ira c  n e u tr in o  m ass m a tr ix  ///^^ as c ith e r  the c h a rg e d  le p to n  
m ass m a tr ix  -  tan  /}  re fe r re d  to  as case ( i ) )  o r  the up- 
q u a rk  m as m a tr ix  =  r e le r rc d  to  as case ( n ) )  [7 ] .  W h ile  
rc lc iT in g  to  the e a r lie r  p a p e r  16) fo r  d e ta ils , w c  p o in t o u t that the  
m o d e l s u c c e s s fu lly  g e n e ra te d  b o th  the h ie ra rc h ic a l an d  the  
in v e r te d  h ie ra rc h ic a l (h a v in g  o p p o s ite  s ig n  m ass e ig e n v a lu e s )  
n e u tr in o  m ass m a tr ic e s  as a re s u lt o f  th e  p ro p e r  c h o ic e  o f  the  
p a ra m e te rs  in te x tu re  o f  In  S e c tio n  2 w c  p re s e n t th e  
g e n e ra tio n  o f  the d e g e n e ra te  as w e ll  as in v e r te d  h ie ra rc h ic a l  
n e u tr in o  m ass m a tr ic e s  u s in g  th e  se es aw  fo rm u la , and  th e ir  
p re d ic tio n s  on m ass e ig e n v a lu e s  an d  m ix in g  an g les . S e c tio n  3 is 
d e v o te d  to s u m m a ry  an d  c o n c lu s io n .
2. Neutrino mass matrices from see-saw formula
T h e  le ft-h a n d e d  M a jo r a n a  n e u tr in o  m ass m a tr ix  ///^^ is g iv e n  by  
the c e le b ra te d  .see-saw  fo rm u la  [ 8J,
(1)
w h e re  is the D ir a c  n e u trin o  m ass m a tr ix  in  th e  le f t- r ig h t  ( L R )
020021ACS
424 N Niniai Sin^/i and Mahadev Patf^iri
c o n v e n iio n  [9 ]  T h e  le p to n ic  ( M N S )  m ix in g  m a tr ix  is n o w  g iv e n  s o la r  an d  a tm o s p h e r ic  d a ta . W h e n  , 5 ,  = 5 ^  = 0  eq . (2 )ie (iy
a n d  th e  c h a rg e d  Ic p lo n  m ass m a l i ix  ni  ^ a re  ta k e n  as d ia g o n a l,  
w h e re a s  the  l ig h t 'h a n d e d  M a jo r a n a  n e u tr in o  m ass m a t r ix  
as n o n -d ia g o n a l U s in g  the s e c -s a w  fo iT n u la  ( 1 )  w e  g e n e ra te  
b o th  p a tte rn s  v i : . ,  (I) n e a r ly  d e g e n e ra te  an d  (ll) in v e r te d
h ie r a r c h ic a l  n e u t r in o  m a s s  m a t r ic e s  w ith  s a m e  s ig n  m a ss  
e ig e n v a lu e s . W e  c o n c e n tra te  h e re  o n ly  on  the  cases w h ic h  h a v e  
b im a x im a l m ix in g s  lis ted  in T a b le  I .
Tabic X.  /  c io i l )  o u lc i  i ic u iM iu )  in js .s  in a t iK ’ cs w i t h  tc M u rc  /c r t ) s  
lO iic -s p n m J in y  to  i Ik ’ L M A  M S W  s o lu t io n  w i t h  h im a x i in a l in i x i i i i i s  
[ 4 .  l O I
ly|H- ''ll
KA)
I I
" 7 T  7 2
I I I
7 l  T  ' 2
_L -J '
7 -  ' 7  2
Diiif  ^ (1. I, I ) ni„
1^ 0 0
lilt) 0 1 0 Ihii  ^ (1,1 i)-»„
1.0 0 1 ;
1f 1 0 O'1
I(C’) 10 0 ‘ j Dmy, (1. 1I, -Dm,,
0 1 1
IKA)
1
2 }
IKB)
0 1 I
1 0 0 
1 0 0
/M„
(1, I. 0)
Dui^ (1, - L 0) //i„
1(A) N e a r l y  d e g e n e r a t e  m a s s  m a tr i .x  w i th  o p p o s i t e  s i^ n  
m a s s  e if* e n v a lu e \  .
W e  c o n s id e r  the f o l lo w in g  fo rm  o f  m^^ w ith  o p p o s ite  m ass  
e ig e n v a lu e s
\vi!h
to  th e  z e ro th  o rd e r  m a s s  m a t r ix  o f  th e  ty p e  1 (A )  in  Table  
n o  s p lit t in g s  [ 10].
T h e  d ia g o n a lis a t io n  o f  in  c q . ( 2 )  le ad s  to  [see Appendix
r/,.i = ( l  4 - 2 5 2  - 5 , ( 1 -H V iznr.
n iv2 =  (-1  +  2 5 2 - 5 , ( 1 - 7 2 ) ) «io.
s in ^  20,2  / s j . s i n '  2© 2i  =  I,  s in ’ 2« n  ~-d
F o r  the c h o ic e  [5 ]  o f  th e  v a lu e s  o f  the  p;u*am cters -  0 4 , \  
5 ,  = 0 .0 0 6 1 8 7 5 ,  52 = 0 .0 0 3 0 6 2 5 ,  cq . ( 2 )  lead s  to the lollox, ,,,,
n u m e r ic a l p re d ic t io n s  :
Mixing* a n g le s  :
s in -  20,2  = 0 . 9 9 9 ,  s in ’ 202 ,  =  1.0, |V „1  =  6 .124 ^ x |() ' 
M a s s  e i g e n v a l u e s  :
m,. =  ( 0 . 3 9 6 4 8 4 , - 0 . . 1 9 6 5 3 2 . 0 .4 )  e V ,  i =  1 ,2 ,1 ,
A m f j  =  ." '.K 0 6 X 1 0  V v - an d  2W i2^  =  2  7 6 x  10 '<1
T h e  p re d ic t io n  o n  s o la r  m ix in g  a n g le  is co n s is len l \Mih itu 
L M A  M S W  s o lu t io n  13 1.
C a s e  ( i )  w h e re  =  tan  ( i  nif |6 ,7 ]
T h e  d e g e n e ra te  m a ss  m a t r ix  m^j  in  c q . ( 2 )  is now  gciK'r.ual 
th ro u g h  th e  s e e -s a w  fo r m u la  [ 8 ] in  e q . ( l )  fo r  the I o I Idwhu 
c h o ic e s  o f  a n d  r e s p e c t iv e ly
A'’ 0  0
niiji = Vdi\P  0  A^ 0  tUr
0  0  1
a n d
^  RR -
f - 2 5 , + 2 5 ,  - T - - 5 ,  ~ ^ - 5 ,
■ 7 2  7 2
» 'u . -
( S ~  ' ~ 1  ‘ 2 * ‘‘ ‘
(2)
where nig conlrols the overall magnitude of the masses of Ihe
neutrinos whereas 5, and 52 give the desired splittings for
- 2 5 ,  A 12 ^  +  5 ,  1A«
- f ^  +  5 ,  lA" -  +  5 , - 5 ,  lA
V 2
- ^  +  5 ,  lA** - 2 -  +  5 , - 5 2 l A ^
- | -  + 5, ]a'’
■J2
-------- 1-5 , —5 , 1 a
2 7
— + 5\ - 5 ,
2
The inverse of has a simple form for 5, >^ i
5 , ,5 '2  « 1 ,
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T h e  d ia g o n a l i s a t io n  o f  in  e q .  ( 7 )  le a d s  to  (s e c  
A p p e n d ix ]
-> 5 , t 2 5 , ) A ' - A"" M l,, =  (l - 2 5 ,  - ( > / 3  +  1 ) 5 | ) mjo ,
| . - ' - 5 , | A - « A"^ [ - 3 +  5, (A'- (i.-'j. M V : =  (l-252 +(-y3-l)5,)Mi(, ,
' ' - 5 , 1 a ’^ f - i  +  5 . (A- (-1 + 5, Ml,,, = m „ .
l l i c  e x p r e s s io n f o r  in e q . ( 2 ) IS w o r k e d  o u t  as
 ^ 9
s i i r  20,2 =  s m ' 2 0 j ;  =  1, s in
ml  ta n ' P / v r - F o r  in p u t v a lu e s  o f/i/^ , =  0 .4  e V , tan  j3 =  4 0 .  F o r the c h o ic e  [5 ]  o f  the va lu e s  o f  the p a ra m e te rs  =  0 .4  eV ,
1 7 ( ie V ,  a n d  A  == 0 .2 2  - ih c  .see-saw  s c a le  is c a lc u la te d  as “  3 .6 x  10 , 62 =  3 . 9 x  10 \  cq . ( 2 )  lead s  to  the fo l lo w in g
10* ' Cj c V  T h is  in  tu rn , g iv e s  th e  m asses  o f  the th ree  r ig h t-  p ie d ic tio n s  :
lu iiuK 'd  M a jo ra n a  n e u tr in o s  a l t e r  th e  d ia g o n a lis a t io n  o f  M  
l / ; ;  1 _ (3 .0 4 2 7  X 1 0 '^  3 .0 9 8 1  x  10«, 1 .9 6 1 3  x  10 '^ )G cV .
HR
l .islM m ) w h e re  =  / n ^^J6 . 7 ]
k ’ xU iic  o f  in  c q . ( 2 ) is a g a in  re a lis e d  th ro u g h  the  
L ■ s.iN> lo im u la  ( I )  w i th  th e  f o l lo w in g  te x tu re s  o l an d
 ^A" 0  0
f}}}i. -  0  A*^  0  m, ,
0  0  1
J l
I
+ 5,
-^1 U '- |-!- + 5 , - 5 ,  U" ( - -  + 5 , - 5 ,  U" tr .
+  5 ,  _ L  +  5 ,  _ ^ - , 1 a ^ 1 ^  +  5 ,  _ 5 ,
Wc liiivc in,f =  in }  /  V/i  in  e q . ( 2 ) ,  a n d  w i t h  th e  in p u t v a lu e s  
"', -0  A c V  njj =  2 (K ) G e V ,  w e  o b ta in  \ ’^  =  10**^ G e V  an d  the m ass  
‘^i:kiualucs o l th e  r ig h t -h a n d e d  M a jo r a n a  n e u tr in o s  :
^<4 W 2 x  I 0 '^ 7 . 2 7 3 l  X l 0 ^  5 . 0 0 5 x  IO ‘ -'')G ev .
Nearly d c f^ e t i e r a t c  m a s s  m a t r i x  w i t h  s a m e  s i^ n  m a s s
1
W
niainx.
f ( l - 2 5 , - 2 5 , )  - 5 ,  - 5 ,  ^
- 5 ,  ( l - ^ z )  - ^ 2  " k i -
-S , - S , .  (1-5 ,)J
uhrU \ :
s in ‘ 20,2  = 0 6 7 ,  s in "  20,3  -  1.0, |VV^| =  1 .5 x  1 0 ' \  
Ma.\s e i^cnvdlues :
= ( 0 .3 9 6 8 4 , 0 .3 9 6 8 9 2 , - 0 .4 )  e V , / =  1 ,2 ,3 ;
A m , '2 =  4 .1 3 x  1 0 “  ^ c V - a n d  A n %  =  2 . 4 8 x  1 0 “ ' c V - .
r h e  p re d ic tio n  on s o la r  m ix in g  a n g le  is c o n s is te n t w ith  the 
L M A  M S W  s o lu tio n  [3 |
T h is  fo rm  o f  the m ass m a tr ix  ( 7 )  can  be re a lis e d  in  the see­
saw  m e c h a n is m  ( 1) u s in g  the fo l lo w in g  te x tu re s  o f  and
M HR ■
C ase ( i )  w h e re  =  t a n /3A7/^
H e re , is g iv e n  in  cq . ( 3 )  an d  the r ig h t-h a n d e d  n e u tr in o  
m ass m a t ix  takes the fo rm  :
(6)
^  HR ~
('(1 +  2 5 , + 2 5 , ) A ' -  5 , A* 5 ,A ' ’
5,A*^ ( 1 + 5 2 ) A  5 , A ” v’ ,^ . (8)
5 .A ' ’ 5 2  A - (l+<5:)J
The inverse of has a simple form for 5 , > 5 , and 
5 |,5 2  «  I.
^  RR -
f ( l - 2 5 , - 2 5 , ) A ' -  - 5 , A - * '  - 5 , A - " ' |
( i - 5 2 ) a -^ - 5 2 A -' (v ;^ ')
- 5 2 A -' ( 1 - 5 2 ) J
- 5 |A
- 5 ,  A-
 ^ propose a n o th e r  f o r m  o f  th e  n e a r ly  d e g e n e ra te  m ass
(7)
T h e  e x p re s s io n  fo r  in  eq . ( 7 )  is a g a in  w o rk e d  o u t as 
= m } t a n ^  P I  Vr - F o r  inpu t va lues o f  /« „ = 0 ,4  e V , tan  ^  =  4 0 .  
n u  =  1.7 G e V , w e  o b ta in  = 1 . 1 5 6 x 1 0 ”  G e V  w h ic h  le ad s  to  
M r '"’ = ( 1 . 1 5 x  1 0 ' \ 2 . 7 1  x 1 0 '“ 1 .4 9 8  x  1 O’ )  G cV.
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C a s e  ( i i )  w h e re  w ,
Jill
T h e  te x tu re  o f  m^^ is g iv e n  in  eq . ( 5 ) ,  an d  the  te x tu re  o l  
has th e  fo rm  ;
f ( l+ 2 5 ,  + 25j)A "
M RH 5 ,A '-
<5,A“
5 |A '-  5 |A * )
(1 +  52)A'* 5 ,A ^
d'.A*' (l +  <52)j
(9)
an d  =  m }  I vi^ .
K or in p u t v a lu e s  o f =  0 4  e V  an d  ni  ^=  2 (X ) G e V , w e  h a v e  =  
1.0  X 1 O '■* G e V  an d  A / « 7  ( 1.0<J39 x  IO '**, 5 .5 0 8 9  x  IO'^, 3 .0 3 5
X  IO ^ )G c V .
1(C). N e a r l y  d e g e n e r a l e  m a s s  m a t r i x  w i th  o p p o s i t e  s ig n  m a s s  
e ig e n v a l u e s  .
W e  c o n s id e r  a n o th e r  te x tu re  fo r  the n e a r ly  d e g e n e ra te  m ass  
m a tr ix  m^^ w ith  o p p o s ite  m ass  e ig e n v a lu e s  re p re s e n te d  b y  [5J
( 1 - 2 5 , - 2 5 , )  - 5 , -<5,
^LL -<5| *-^2 ( ^ “ ^ 2 ) ''*0
- 5 ,  ( 1 - 5 , )  - 5 ,  j
(10)
5.A*(1 + 2 5 ,+252)A '^ 5, a*
5,A « 5 j A'‘ ( 1 + 5 , )A^
5,A* (1 + 5,)A'^
T h e  in v e rs e  o f  has a s im p le  fo r m  fo r  6^ >3^
5 ,, ^2 «  1,
f ( l - 2 5 , - 2 5 , ) A ‘  ^ -5 ,A '*
III,
U[1(J
- 5 , A-'’ '
M , h = - 5 |A -
-5 ,A -6
- 5 ,A - ^  ( 1 - ^ '2 ) A -
( 1 - 5 , ) A -2 - 5 ,
F o r  in p u t va lu e s  o f  m(j =  0 .4 e V , tan  ^ - 4 0 ,  = 1 .7 G c V .a m l
X =  0 .22 , th e  s e e -s a w  sc a le  is c a lc u la te d  as = 10* ' G e V  This 
in  tu rn  g iv e s  th e  m asses  o f  th e  th re e  r ig h t-h a n d e d  Maiorana  
n e u tr in o s  a f te r  th e  d ia g o n a lis a t io n  o f  A /^ ^  :
= ( 4 . 6 7 x  1 0 " ,  1 . 2 9 6 X  1 0 ’ , 5 . 0 6 x  IO '*)C eV .
C a s e  ( l i ) w h e re  =  7 |
T h e  te x tu re  o f  m^^ in  cq . ( 10) is a g a in  re a lis e d  thrOujih ih  ^
s e e -s a w  fo r m u la  ( 1) w ith  th e  te x tu re s  o f  ///^^ as g iv e n  i n l\ \  (S i 
a n d  M on
w h e re  m^  ^ c o n tro ls  the o v e r a l l  m a g n itu d e  o f  th e  m asses o f  th e  
n e u tr in o s  an d  an d  6^  g iv e  th e  d e s ire d  s p lit t in g s  fo r  s o la r  
an d  a tm o s p h e r ic  d a ta . W h e n  5 ,  = 0  eq . ( 1 0 )  re d u c e s  to
the z,eroth o rd e r  m ass m a tr ix  o f  the T y p e  1 (C )  in  T a b le -1 , w ith  no  
s p litt in g s  [5 , lOJ.
T h e  d ia g o n a lis a t io n  in eq . ( 1 0 )  le ad s  to  th e  fo l lo w in g
e ig e n v a lu e s  a n d  m ix in g  a n g le s  |.see A p p e n d ix ) :
, I — 1^ - 2 ^ 2  ~ ( + \ )S^^ m^),
= ( l  - 2 5 ,  + (V 3  -  I )5 | ) wiq,
/>/„, =  -ni„
5,A'*
^  R R -
f(l + 2 5 |+ 2 5 ,)A " ’ 5 |A '“
5,A ’‘ (1 + 5 , (A- ,|,,
( l+ 5 ,)A ^  5 ,
12 
5 ,A'
5 ,A'
W c  h a v e  n\^ =  rnj /  v in  cq . ( 1 0 ), an d  w ith  the input valuo 
m^  ^ -  0 .4  e V , m  ^=  2 0 0  G e V , w c  o b ta in  =  10^“* G e V  and the inn  ^
e ig e n v a lu e s  o f  the  r ig h t -h a n d e d  M a jo r a n a  n e u trin o s  : i
=  ( I . l 0 5 x l 0 " , 3 . 0 3 5 x  1 0 ',5 .C K )5 x  10" ) G c V .
f l (A ) .  I n v e r t e d  h i e r a r c h i c a l  m a s s  m a t r i x  w i th  s a m e  sign mav 
e i g e n v a l u e s  ■
T h e  m o s t g e n e ra l Ib rm  o f  the in v e rte d  h ie ra rc h ic a l m a s s  m aim  
m^j  w ith  th e  s a m e  s ig n  m ass e ig e n v a lu e s  can  b e  c x p re s s c tl  a'^
s in "  20,2  =  -  , s in "  2023 “  2 0 ,  ^ =  0 .
T h e  n u m e r ic a l s o lu t io n  le ad s  to  rtiy = ( 0 .3 9 6 8 4 ,  0 .3 9 6 8 9 2 ,  
0 .4 )  e V , /  =  1, 2 , 3  fo r  the s a m e c h o ic e s  o f  the  in p u t va lu e s  o f  S  , 2 
an d  m^  ^as in  eq . ( 7 ). F u r th e r , th e  p re d ic t io n s  on  th e  th re e  m ix in g  
a n g le s  a re  th e  s a m e  as in  e q . ( 7 ) .  W h e n  5 ,  =  ^2 =  0  , it  re d u c e s  
to  th e  ty p e  1 (B )  in  th e  T a b le  1.
C a s e  ( i )  where =  ta n  p  nif [6 , 7 ]
W c  c o n s id e r  m ^  g iv e n  in  c q . ( 3 )  an d  th e n  th e  r ig h t-h a n d e d  
n e u tr in o  m a ss  m a tr ix  ta k e s  th e  fo r m
f ( l - 2 f )  - e  - £
n%iL= -B  Cl ~ { a - r f )  /Mj'p
- e  ( a - r i )  a
w h e re  a  =  0.5  an d  m^ is th e  o v e r a l l  fa c to r  fo r  the  mas.ses oi ili<^  
n e u tr in o s . T h e  p a ra m e te rs  e  an d  rj g iv e  th e  d e s ired  spiiinng^ 
fo r  s o la r  a n d  a tm o s p h e r ic  d a ta .
T h e  d ia g o n a lis a t io n  o f  in  e q . ( 1 3 )  le a d s  to  the follow ing 
e ig e n v a lu e s  an d  m ix in g  a n g le s  [s e e  A p p e n d i x ] ;
friQ,
Degenerate and inverted hierarchical models of Majorana neutrinos etc All
fir,.
m ,.,
jnJ n ii'o n g  a n g le s :
2  1
s in “ 2 0 , 2 = “ . s in "  2 ^ 2 ^ = ^ ’ sin^  2 0 ,3 = 0 .
W hen t ’ =  11 =  0  c q . ( 1 3 )  red u ces  lo  the z e ro th  o rd e r  m ass  
o fth e  ty p e  1 1 (A ) in  T a b le - I ,  w ith  no  s o la r  s p litt in g  [4 . 10]. 
1^11 so lu tion  o f  th e  L M A  M S W  s o la r  d a ta  an d  a tm o s p h e r ic  
d l u iim h ) o s c i l la t io n ,  w c  h a v e  th e  c h o ic e  o f  th e  p a ra m e te rs  
( ) 0,*>cV, f  = 0 . (X )2 a n d  rj = () .(X K ) I le a d in g  to the fo llo w in g  
piL'Jielions .
\U\wi; .■
sm' 2 0 , ,  =  0 .6 7 , s in -  20,3  =  1.0, |V ,„ | =  3 ,0 4 x  10  ” ,
\Uis \ n ^ e i i v a l u e s  :
III, - ( 0 0 5 0 0 7 ,0 .0 4 9 7 3 ,0 . 0 0 0 0 0 5 ) e V . i=  1 ,2 ,3 ;  le ad in g  lo
. i ) X 10 '  e V ’  an d  Antjj,  =  2 .4 7  x  10' '  e V ^ .
Hen.' (he n e u tr in o  m a ss  e ig e n v a lu e s  a re  o f th e  sam e s ign  
.iiul ihis d iffe rs  fro m  th e  o th e r  in v e r te d  h ie ra rc h ic a l m ass m a tr ix  
luvinj! the fo l lo w in g  fo rm  1111,
1 1 '1
« l k T C  llln  =  5 |  S 2 n i ( ' ' | , i ' ,  5 | , 5 2 «  1
5 |  j
(14 )
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M«je =
o - 2£ ) r ' -
- e X ^
- e X ^
a X ^
( a  -  r j)A "^
- e A '*
( a - T j ) A ^  ( v « ' )
T h e  e x p r e s s io n  f o r  W q in  c q .  ( 1 3 )  is  g iv e n  b y  
= m ;  t a n ^ /3 /V | f  . F o r  in p u t  v a lu e s  o f  m j  =  0 .0 5  e V ,  
tan  /3 =  5, =  1.7 G e V , w e  o b ta in  v '^=  1 .4 4 5 x  10^^ G e V  w h ich
le a d s to  =  ( 9 . 7 4 2 x  1 0 \ 2 . 8 3 l  x  f 0 ' * , 7 .2 4 x  1 0 ‘ ' ) G e V
Ca.se ( i i )  w h c n m ^  =  m^^^ ^
IT ie  te x tu re  o f   ^ in  eq . ( 1 3 )  is a g a in  rea lise d  th ro u g h  =
g iv e n  in eq . (5 )  and the te x tu re  o f  M
Ahkh uives o p p o s ite  s ig n  m ass e ig e n v a lu e s . F o r  5 ,  , 5 2 , f  -  0 ,
1 IlmlIs U) the  ty p e  1 1 (B ) in  T a b le  1. T h is  .structure has been  
u(.tcsslully g e n e ra te d  w ith in  th is  m o d e l [61 , an d  the rc d ia iiv e  
 ^ M icaion has b e e n  fo u n d  to  be w e a k  [1 2 ,  1 3 ]. W e  sh a ll not 
ifiilicss ag a in  th is  m o d e l h e re . In s te a d , w c  c o n c e n tra te  on  the  
S^cnciaiion o f  the te x tu re  o f  g iv e n  in  cq . ( 10) tro m  th e  see 
m echanism  ( 1).
Case ( 1) w h e n  rnfj^ =  ta n  /3
^  RR ~
RR •
2 a r ] ( l + 2 f ) A ‘^
r jeX " ak* - ( a -T ] )k *  : ^ , ( 1 6 )
- { a ~ T ] ) ) i  a
2 a  rj
The in v erted  h ie ra rc h ic a l m ass m a tr ix  in  eq . ( 13 ) can n o w
lealised w ith  th e  c h o ic e  o f  =  tan  p  m , g iv e n  in  eq . (3 )  
o f  the  fo l lo w in g  fo rm
2 a r i ( \  +  2e )A '^  T7£A *
H e A" a k *  - { a - n ) k -  ^ , 0 5 )
Tfsk^ - ( a - T j ) k ^  a
"here has a  s im p le  fo r m  fo r  £  >  7j an d  £ , T } «  1.
w h ic h  leads to  ml, =  m j  /  v «  in  eq . ( I S ) .  U s in g  th e  in p u t va lu e s  
m'  ^ =  0 .0 5  c V . m , =  2 0 0  G e V , w c  h a v e  =  8 x  lO ”  G e V  and  
= ( 2 . 4 x  l O ^ A x  1 0 '® ,2 .4 x  1 O’ ) G e V  w h e re  th e  ma.ss o f  
the h e av ies t r ig h t-h a n d e d  M a jo r a n a  n e u trin o  lie s  a b o v e  the G U T  
.scale b u t b e lo w  the P la n c k  sc a le  [1 0 ] .
A  fe w  c o m m e n ts  on  th e  s ta b ili ty  c o n d it io n  u n d e r  r a d ia t iv e  
c o rre c tio n s  are  in o rd e r. T h e  n e a r ly  d e g e n e ra te  m ass  m a tr ic e s  
m , ,  in  eqs ( 2 ) ,  ( 7 ) an d  ( 10)  a rc  fo u n d  lo  b e  u n s ta b le  u n d e r  
ra d ia tiv e  c o rre c tio n  in  m in im a l s u p e r-s y m m e tric  standard m o d e l. 
T h e  in v e r te d  h ie ra rc h ic a l m a ss  m a t r ix  w ith  th e  s a m e  m ass  
e ig en va lu c .s  g iv e n  in  cq . ( 1 3 )  is a ls o  fo u n d  to  be  u n s ta b le  u n d e r  
ra d ia t iv e  c o rre c tio n . H o w e v e r ,  the in v e r te d  h ie ra rc h ic a l m ass  
m a tr ix  g iv e n  m  cq  ( 1 4 )  w ith  o p p o s ite  s ig n  m ass e ig e n v a lu e s  is 
sta b le  u n d e r  ra d ia t iv e  c o rre c tio n  [ 1 2 ,1 3 ] .  T h e  ra d ia t iv e  s ta b ility  
o f  the n e u tr in o  m ass te x tu re s  re m a in s  a v e ry  im p o rta n t p ro b le m  
at th e  m o m e n t [1 4 ] .
3. Suimnaiy
In  s u m m a ry , w c  g e n e ra te  th e  te x tu re s  o f  th e  n e a r ly  d e g e n e ra te  
as w e ll  as the in v e rte d  h ie ra rc h ic a l le ft-h a n d e d  M a jo ra n a  n e u u in o  
m ass m a tr ic e s  fro m  th e  se e -s aw  fo rm u la  u s in g  the d ia g o n a l fo rm  
o f  the D ira c  m ass m a tr ix  an d  n o n -d ia g o n a l fo rm  o f  th e  r ig h t-  
h a n d e d  M a jo r a n a  n e u tr in o  m ass m a tr ix .  T h e  p re d ic t io n s  on  
le p to n  m ix in g  a n g le s  sin^ 20)2 “  0 -6 7 , s in ^ 2 0 2 3 ” l  O
=  0  arc in  e x c e lle n t ag re e m e n t w ith  th e  e x p e rim e n ta l va lues. 
T h is  is  a lso  tru e  fo r  th e  p re d ic tio n s  o f  an d  r iw if j w h ic h  
arc necessary fo r  th e  O v fip  d e cay s , L M A  M S W  so la r o s c illa tio n  
and a tm o s p h e r ic  o s c il la t io n  d a ta . In  a l l  cases the m asses o f  the  
r ig h t-h a n d e d  M a jo r a n a  n e u tr in o s  a rc  a b o v e  th e  w e a k  sca le . A n  
in te re s tin g  o b s e rv a tio n  is th a t th e  p re d ic t io n  o n  th e  s o la r  m ix in g  
a n g le  is la rg e  b u t n o t m a x im a l w ith o u t  a n y  e x tra  f in e - tu n in g .
428 N Nimai Singh and Mahadev Patgiri
Though the present analysis is a model independent one, it may 
be a useful guide for building models under the framework of 
grand unified theories with the extended flavour U( I) symmcti7 .
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Appendix
Diagonalisation of the mass matrix :
Although the diagonalisation of is trivial [5], we Hnd 
convenient to follow the general result given in Ref. [ |5] 
neutrino mass matrix of the general form
f a b
d e
u e f )
c =  --t^^b
'*"(^23 “ ^23 I'’
a n d  ^ 2 3  “  sin  ^ 2 3  /
can be diagonalised by V.MNS
COS 0 , 2  s in  0 , 2
^MNS= -C O S 023 S in 0 ,2  C O S 0 2 3 S in 0 ,2  s in 0 2 ;
sin  023 sin  0 , 2  - s i n  023 sin  0 , 2  c o s 0 2 i'^ j
where we have taken s in 0 ,,  = 0 . This mixing MNS nuiin?, 
transforms |v ,) with the mases {niy\,ni^2 ^
h ' ' ) ’ ' = 1, 2, 3. 'I'he nijiss
eigenvalues and 0,2 arc calculated as
”  2 J  2 + 8 j,  ni^2 1)
-  d  (2^ ( 1d - a - h X y -------V 2 , s in^  2 0 ,2  = -------- T^'8 +  .V'
with + where |wvi|<|m^.2| always
maintained by adjusting the sign of T](= ± I ) .
